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A repeated theme

Findler and Felleisen (2002):
Contracts

Flanagan (2006):
Hybrid types

Siek and Taha (2006):
Gradual types



An untyped program

dlet
x = 2

f = λy. y + 1

h = λg. g (g x)

in

h fe
−→
d4e



A typed program

let

x = 2

f = λy : Int. y + 1

h = λg : Int→ Int. g (g x)

in

h f

−→
4 : Int



A partly typed program—narrowing

let

x = 2

f = 〈Int→ Int⇐ Dyn〉pn dλy. y + 1e
h = λg : Int→ Int. g (g x)

in

h f

−→
4 : Int



A partly typed program—narrowing

let

x = 2

f = 〈Int→ Int⇐ Dyn〉pn dλy. ’b’e
h = λg : Int→ Int. g (g x)

in

h f

−→
blame p

Positive (covariant): blame the term contained in the cast



Another partly typed program—widening

let

x = d2e
f = 〈Dyn⇐ Int→ Int〉pn (λy : Int. y + 1)

h = dλg. g (g x)e
in

dh fe
−→
d4e



Another partly typed program—widening

let

x = d’a’e
f = 〈Dyn⇐ Int→ Int〉pn (λy : Int. y + 1)

h = dλg. g (g x)e
in

dh fe
−→
blame n

Negative (contravariant): blame the context containg the cast



Untyped = Uni-typed

dxe = x

dne = 〈Dyn⇐ Int〉 n

dλx. Ne = 〈Dyn⇐ Dyn→ Dyn〉 (λx : Dyn. dNe)
dM Ne = (〈Dyn→ Dyn⇐ Dyn〉 dMe) dNe

(slogan due to Bob Harper)



Blame

〈Int⇐ Dyn〉pn d2e
−→
2

〈Int⇐ Dyn〉pn d’a’e
−→
blame p



The Blame Game—widening

(〈Dyn→ Dyn⇐ Int→ Int〉pn (λy : Int. y + 1)) d2e
−→
〈Dyn⇐ Int〉pn ((λy : Int. y + 1) (〈Int⇐ Dyn〉np d2e))

−→
d3e



The Blame Game—widening

(〈Dyn→ Dyn⇐ Int→ Int〉pn (λy : Int. y + 1)) d’a’e
−→
〈Dyn⇐ Int〉pn ((λy : Int. y + 1) (〈Int⇐ Dyn〉np d’a’e))

−→
blame n

Widening can give rise to negative blame, but never positive blame



The Blame Game—narrowing

(〈Int→ Int⇐ Dyn→ Dyn〉pn (λy : Dyn. dy + 1e)) 2
−→
〈Int⇐ Dyn〉pn ((λy : Dyn. dy + 1e) (〈Dyn⇐ Int〉np 2))

−→
3



The Blame Game—narrowing

(〈Int→ Int⇐ Dyn→ Dyn〉pn (λy : Dyn. d’b’e)) 2
−→
〈Int⇐ Dyn〉pn ((λy : Dyn. d’b’e) (〈Dyn⇐ Int〉np 2))

−→
blame p

Narrowing can give rise to positive blame, but never negative blame



Contracts

Nat = {x : Int | x ≥ 0}

let

x = 〈Nat⇐ Int〉 2
f = 〈Nat→ Nat⇐ Int→ Int〉 (λy : Int. y + 1)

h = λg : Nat→ Nat. g (g x)

in

h f

−→
4Nat : Nat



Subtype

If S <: T then 〈T ⇐ S〉pn s 6−→ blame p,blame n.

Definition:

Dyn <: Dyn

S ′ <: S T <: T ′

S → T <: S ′ → T ′

s implies t

{x : B | s} <: {x : B | t}
Example:

Nat→ Int <: Int→ Nat



Positive subtype—widening

If S <:+ T then 〈T ⇐ S〉pn s 6−→ blame p.

Definition:

S <: Dyn

S ′ <:− S T <:+ T ′

S → T <:+ S ′ → T ′

s implies t

{x : B | s} <:+ {x : B | t}
Examples:

Int→ Int <:+ Dyn

Nat→ Nat <:+ Int→ Int



Negative subtype—narrowing

If S <:− T then 〈T ⇐ S〉pn s 6−→ blame n.

Definition:

Dyn <:− T

S ′ <:+ S T <:− T ′

S → T <:− S ′ → T ′

{x : B | s} <:− {x : B | t}
Examples:

Dyn <:− Int→ Int

Int→ Int <:− Nat→ Nat



A new slogan for type safety

Milner:
Well-typed programs can’t go wrong.

Harper, Felleisen and Wright:
Well-typed programs don’t get stuck.

Wadler and Findler:
Well-typed programs can’t be blamed.


